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Oscillation criteria are obtained for a class of functional differential equations 
including the generalized Emden-Fowler equation xCfl) + 44 lxlg(t)V’ 
sgn(x[ g(t)]) = 0, y > 0, as a special case. The purpose of this paper is to extend 
and improve known fundamental oscillation criteria for superlinear, sublinear, and 
linear differential equations with retarded arguments. 
1. INTRODUCTION 
Our goal in this paper is to discuss, using weighted integrals, the 
oscillatory behavior of solutions of the nonlinear delay equation 
x(“) + mmM~)l) = 05 
and the damped equation 
n even, (1) 
Xtn) f p(t) (x (n-1) 4x(“-‘1 + q(t)f(x[ g(t)]) = 0, 
n even, j3> 0, (2) 
and to extend some of the known results for Eq. (1) (resp. (2)) when n = 2 to 
Eq. (1) (resp. (2)) when TZ > 2. 
In what follows we consider only nontrivial solutions of (1) (resp. (2)) 
which are indefinitely continuable to the right. A solution of (1) (resp. (2)) is 
said to be oscillatory if it has arbitrarily large zeros, and nonoscillatory if it 
is eventually of constant sign. Equation (1) (resp. (2)) is said to be 
oscillatory if every solution of (1) (resp. (2)) is oscillatory. 
Oscillation theory for Eq. (1) (resp. (2)) has been developed by many 
authors. We mention in particular the papers by Mahfoud [ 14, 151, the 
present authors [3], Kartsatos [9], Dahiya and Singh [2], Kusano and 
Onose [ 121, and Sztaba [20]. 
Our main results in Section 2 generalize some earlier standard oscillation 
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OSCILLATION THEOREMS _ajj 
results for retarded differential equations ( ee emarks dn Section 2). Our 
results, when specialized to 
turn out to be a substantial mprovement of 12, Theorems I and 2; 4, 
Theorem 2.51. 
We shall have an occasion touse the following !emmas given in [5] and 
[IO]: 
LEMMA 4. Let u be a positive and n times dl~fere~t~able function O/T 
It,, CD). If u(“)(t) is of constant sign and not identically zeroin any interval 
of the form [t, , co), then there xist a t, > t, and an integer 1,0< I < n with 
n + E even for u(“) > 0 or n + I odd for u!“’ < 0 such that: I > 0 implies that 
uck)(t) > 0 for t > t,, (k= 0, l,..., I- 1) and l<n- 1 implies that 
t-1 ‘+k u’!+(t) > Ofor t > t,, (k = I,..., n - 1). 
L~~ii4.4 2. Zf the function u is as in Lemma I and 
u+‘)(t) u(“)(t) < 0 for t > t,, 
then for every .A, 0 < ;1 < 1, there xists anM > 0 such that 
u@t) > h!.ft”-’ 1z.P’) (t)l for all arge t, 
2. MAIN RESULTS 
In the sequel it is assumed that 
9: [to f co) -+ [O, co) is a continuous function a d q(t) is not even- 
tually identically equal to zero on any interval (t, co). ,13j 
g: jt,, co) --) R is a continuous function, g(t) < t and g(t) -+ x3 as 
I-+ co. (4) 
$ R -+ R is a continuous function, and xf (x) >0 for x# 0. ,’ ^’ \13 I
Let T> 0. Suppose there xist a twice continuously differentiable function 
3: [T: GQ) --) (0, co) and a continuously differentiable function F:R --f R such 
;.hat: 
a(t) < g(t), 6(t) > 0 for t > T ( * = d/dt) and a(t) + rio as I --$ co. (6) 
If(x)1 > IF(x)1 and xF(x) > 0 for x# 0. is,1 
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F’(x) > 0 for x# 0 (’ = d/dx). (8) 
.oz du 
I- “E F(u) <coand’- - J 
33 du 
F(u) 
< 03 for every s> 0. 
-E 
(9) 
THEOREM 1. Let conditions (3t(9) hold. Assume there is a twice 
continuously differentiable function p:[T, co) --f (0, 03) such that 
fin p(s) q(s) ds = co. (10) 
Then each of the following conditions e ures the oscillation of every solution 
of(l)* 
(I) P(t) > 0 and y(t) = (@(t)/o”-‘(t) d(t))‘< 0 for t > T and 
(II) P(t) > 0 and s? 1 y(s)1 ds< 00 for t > T. 
ProoJ Let x(t) be a nonoscillatory s lution f(1). Assume x(t) > 0 for 
t > t, > T and choose at, > t, so that g(t) > t, for t> t,. By Lemma 1, there 
exists a t, > t, such that x(n-1)(t) > 0 and i(t) > 0 for every t> t,. For some 
fixed /z E (0, 1) we choose t, > t, so that u(t) > (l/A) t, for t > t, .It is easy 
to check that we can apply Lemma 2 for u = i and conclude that here xist 
M > 0 and t, > t3 such that 
x’[do(t)] >MC2(t) x’“-“[o(t)] 
> Mu”-‘(t) x+‘)(t) for t> t,. (11) 
It follows from (6) and (7) that 
xcn) + q(t) F(x[a(t>]> < 0 for t>t,. 
Multiplying both sides of the above inequality by p(t)/F(x[/lo(t)]) for 
0 < A < 1 and integrating from t, to t we get 




' F(x[Wt,>l) tz, 
+ 
I 
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Now we consider the following two cases: 
Case I. 
becomes 
We assume that (I) holds. By condition (8); inequality- :iZ) 
where C, is a constant which depends on t, 1An application of (I i 1 no?” 
leads to the following estimate: 
p’(s) 
+ !:, AMu’ 
.+a(s) i /G(s) 
d-*(s) F(x[ncT(s)]) ds. 
(1 3,: 




AM c+(t) a”-*(t) 
where G(x(r)) = j,S;ADCI,j (du/F(u)) and l’(t) = @(t)/c?(t) 0” ,.‘(t)) “. Smx 
y(l) ,< 0, it follows that 0Q 1, <K, for some constant K,. 
Consequently, (13) becomes 
Case 2. Let assumption (II) hold. From (9) It fooilows thd; 
G < @x(t)) < M,, for some constant M,, and hence 
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~6) G(x(s)) ds
GW,)) + !$j’ I Y(s)I ds= K, a 
t4 
Thus (13) becomes 
p(t) x(“-‘)(t) 
w~4t)l) 
< C, - .’ P(S) 4s) &J f4 
where C, = C, + K,. 
Now it follows from the above two cases that 
p(t) x(“- l) w/ww)l) + ---co as t-+co. 
Consequently, we must have xcnml)(t) < 0 for t > t, > t,, which is a 
contradiction. The proof of the case x(t) < 0 for t > t, is similar nd is 
omitted. 
Remark 1. For the case f(x) = xy, where y is the ratio f positive odd 
integers, y > 1, g(t) = t - z(t) with 0 < r(t) GM,, 44, < t - z(t) for some 
constant M,, we let p(t) = t; then [2, Theorem l] and our Theorem 1 are 
equivalent. We note that if IZ > 2, then our Theorem 1is more general; but 
since we insist that G(t) <g(t), it is not necessarily stronger than [2, 
Theorem I]. 
EXAMPLE. The equations 
xcn) + (l/t”) x3(t/2) exp[x2 [t/2]] = 0, n even, (a,) 
XC”) + (l/t (PI + l)‘2) x5’3 [j/G] log@ + x2 [t/2]) = 0, n even, (a2) 
xcn) + (l/t”) x!(t/2) cash x(t/2) = 0, II even (a3) 
are oscillatory by Theorem 1for p(t) = t’-‘, t(n-1)‘2, and P-l, respectively. 
We may note that [2, Theorem l] which holds for equation i the abstract 
for y > 1 fails toapply. 
Remark 2. Kiguradze’s result in[ 111 can be obtained from Theorem 1
by taking f(u) = ug(u), u E R + , q(t) = F(t, c2), c> 0, and p(t) = t”-* (g and 
F are functions which appeared in[ 11 I). 
Remark 3. For PI even, our Theorem 1is stronger and is more general 
than [ 12, Theorem 1; 17, Theorem 1; 7, Theorem 1; and 16, Theorem 21, 
since in our proof we do not need the existence of anondecreasing function 4 
required inthe above papers. Note that our results include the sufficiency 
part of the criteria of LiEko and Svec [ 131 for the case y> 1. 
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THEOREM 2. Suppose that conditions (3)-(g) hold7 ana” 
[ii d(s) un-*(s) (ISa q(r) dr) ds = CC. 
-T 
Then Eq. (I) is oscillatory. 
Proox Let x(t) be a nonoscillatory s lution f(l), say x(t) > 0 or 
r > t, > T. It follows, asin the proof of Theorem 1, that for any b > t, 
Since x’“-“(t) > 0 for all t> b, we have 
x(“-‘)(b) .m 
*’ F(x[Aa(b)]) - J q(s) ds’ b
Hence for 
Using (I 1 .) we get 
fin q(s) d  < i[[nu(t)] /G(t) Jl nf%ifrqt> u”-‘( )F(x[qt)]) * 
ThUS 
This contradicts (9), since the integral on the left diverges. A similar p ooi 
holds when x(t) < 0 for t > t,. 
COROLLARY. If (3~(8) and (14) hold, then ail bounded solutions f (1) 
are oscillatory. 
THEOREM 3. Let conditions (3>-(g) hold, and mppose that 
bJ there is c1 twice continuously differentiable j?mctian p:1 T, a> --$ (0, X; 
such that ,4(t) > 0, y(t) = (P(t)/&(t) a”-*(t))’ is iti Y’(T, oo), and 
fco p(s) q(s) ds = 03, then euery bomded solution f(1) is oscillatory. 
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ProoJ Let x(t) be a bounded nonoscilatory solution f(1). Assume 
x(t) > 0 for t > t, > T. As in the proof of Theorem 1, we write I1 as 
1 P(f4) -- 
Ml ti(t4) rF2(t,) jf 14s) G,W)) & f4 
where we define G,(x(t)) = ji;‘no(t)l du/F(u). 
From condition (15) we conclude that 
0 < G,(x(t)) < M2
and 
lN>/W o”-2(t)l <N 
for some constants M, and N. Thus 
JJ2N P’U -- I,< AM nMcqt,> fF2(t,) W-W) + $-$ I Y(s)I ds = K, I4 
and hence (13) becomes 
P(QX (n-‘Yt) 
WW>l> < C, - .’ P(S) q(s) & J t4 
where C, = C, t K,. Thus 
p(t) X(-l) w/ww~)l) +--oo as t-co, 
contradicting he fact hat xcn- ‘) > 0 for t > t,. A similar p oof holds when 
x(t)<Ofor tat,. 
Remark. Theorems 1 and 3, which are obtained for b(t) > 0, extend 
easily tothe case b(t) > 0 if the weight function p(t) belongs to the set 
{u’(t) / i is any real number in [0, n- l] and t in (0, co)}. 
EXAMPLE. The equations 
XC”) + (l/t”) x1’3 [t/2] log(e + x*[t/2]) = 0, n even, t > 0, (b,) 
X@) + (l/t (n+1)‘2)~“5(fi) exp(x2[fi]) = 0, II even, t > 0, (bJ 
are oscillatary by Theorem 3for p(t) = t”-’ and t(np1)‘2, respectively. 
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The following theorem includes 12, Theorem 21 as a special case. ‘I’hc 
proof given below is short and simple and is based on an application of 
Lemma 2. We letS(x) = lxJy sgn x and g(t) > 0 for t > t,. 
THEOREM 4. Let (3) and (4) hold, 0 < y < 1. Jf 
-1; g’“- l))‘(s) q(s) ds = CD, (16) 
thevl all solutions f (1) are oscillatory. 
ProoJ: Let x(t) be a nonoscillatory s lution f(1) with x(t) > 0 for 
z > t,, and choose a t, > t, so that g(t) > t for t > c,. By Lemmas 1 and 2, 
there xist a constant M > 0 and a t, > t, such that x[&] > Mt”-lx(“-*)(r) 
for t > t, and some fixed 1, 0 < ,I < 1. 
Now 




(x[g(t)])Y> M~g(‘2p’)Y(t)[x(“-- “(r)]’ 
M 1 g(+‘)y(t) < (x[ g(t)])’ [xQ- !‘(t)] - 7,
where M, = MY. From Eq. (1) we get 
M, 4(f) g(MO(t) ,< -X’“‘(~)[X(“--‘y~)j 7. 
Integrating from t, to t we obtain 
%fi .( g’“-“y(s) q(s) ds < 1 
I-/ ‘( 1 




[ ‘“-ytz)]!-Y < m. 
This inequality contradicts (16). A similar p oof holds if x(t) < 0 fo; 
t> 1”. 
THEOREM 5. Let conditions (3)-(Y) hold, md assume thai 
F’(x)>a > 0 for x # 0. 
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If there is a continuously differentiable function p:[T, 00) + (0, a~) such that 
p(t)>Ofort>Tand 
IP( * 
k(s) d-*(s) p(s) 1 
ds=co, 
where c = 4aAM, with A and M as in Lemma 2, then Eq. (1) is oscillatory. 
Proof Let x(t) be a nonoscillatory s lution f(1). Assume x(t) > 0 for 
t > t, > T. As in the proof of Theorem 1, we derive the estimate, 
p(t) x(,-I)(t) (n-"(S) 
~w~(~>l> <c, -f P(S)dS) ds + j;', ~~~~o(s),, ds h 
- 
! 
A aAMp b(s) O”-*(S) 
t4 
= ', -j;:dsh(s)ds +!:,4a~M~~~~!l"(s~p~s~ds 





2(aAMti(s) u”-~(s) p(s))“’ 
ds 
< c, - 
WI2 
C+(S) onp2(s) p(s) ds’ 1
The rest of the proof is the same as in the above theorems and hence is 
omitted. 
Remark. As an application of Theorem 5, we consider the equation given 
in [21], namely, 
2 + s(t) x[g(t)] = 0, 
where ct < g(t) < t, q(t) > 0, c > 0, and for some large t,, q(t) 2 (1 + e)/4ct2, 
8 > 0. 
We let u(t) = ct, a= 1, and p(t) = t; thus 
Ms>l’ 1 I t& ~W>P(S) ds > lim sup - ds = 0~). t-cc toS 
It follows from Theorem 5 that he above equation isoscillatory; thuswe 
conclude that 121, Theorem 3.21 is a special case of our Theorem 5. 
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For an application of Theorem 5, we consider the equation 
X(~) $ (l/t”“) sinh(x(&)) = 0, 4 even, t > I 
e iet p(t) = Ln12--I and a = 1. It is easy to check that he hypotheses oi
Theorem 5 are satisfied an hence we conclude that he above equation is
oscillatory. 
In order to prove Theorem 4 for the case y = 1, we need the following 
theorem given in [ 161: 
THEOREM A. Let conditions (3)-(5) hold. If 
.m 
/ d-l q(s) ds = CO, 
ihen every bounded solution f(1) is oscillatory. 
THEOREM 6. Let conditions (3)and (4) hold, y= I. If 
then Eq. (1) is oscillatory. 
ProoJ: Let x(t) be a nonoscillatory s lution f(I) with .x(t) > 3 for 
L’ > i, > 0. It follows from the proof of Theorem 5 that x(t) is eventually 
nondecreasing a dhence x(t) --) c as t--f co, 0 < c < co. 
Suppose 0 < c < 03. As (18) implies (17), the conclusion follows from 
Theorem A. 
Suppose c= co. Choose t, sufficiently large so that x[g(t>]  1 for al:? 
I > t,, and the remainder ofthe proof ollows exactly that of Theorem 4. A 
similar p oof can be given for the case when x(t) < 0. 
Remark 1. The results inthis paper can easily be extended tothe case 
where the function fin Eq. (1) (resp. (2)) depends on m arguments x]g,(f) jI
~jg~ft)],..., x[g,Jt)] bymaking the appropriate changes in hypotheses. 
Remark 2. If we replace onditions (7) and (8) respectively by 
‘fCx>I 3 l~(x)l3 xF(x) > 0 for 1,~~ $1.~~ / > 0 
and 
F’(x)>0 or F’(x) > a > 0 ‘TX ‘X, > jx, > 0, 
then our previous results still hold for Eq. (1; 6 ‘* The proof obIiows front !bi 
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argument developed in Theorem 6. As an illustration we consider the 
following two examples: 
EXAMPLE 1. Consider the equation 
x(“) + q(t) ii (X[ gi(t)])Y’ = O, 
i=l 
n even, 
where yi is the ratio f two positive odd integers, i = l,..., m, o(t) <g,(t) < t 
for i = l,..., m and o(t) + co as t + co. Then each of the following conditions 
ensures the oscillation of the above equation: 
(a) j_ q(s) o+‘)Y(s) ds = co for y=cyi<l; 
i=l 
(b) I’m q(s) ucn-lJcr(s) ds = 00 for y=l, O<cr<l; 
m 
(c) w> > 0 for t>O and ( 
q(s) o”ys) ds = 00 
for y>l. 
EXAMPLE 2. Consider the equation 
xCn) + -f q,(t)(x[ gi(t)])Yi = 0,
i=l 
n even: 
where yi, gi are as in the above xample. We define F by 
F(x) = xYf, for Ixl<l and $=maxy,, 
/I; =x ) for ixI>l and YT=mjnyi. 
Then each of the following conditions ensures the oscillation of the above 
example: 
(a) Im cgr qi(s)) CJ’“-“~~(S) ds = 00 if yf+ < 1; 
(b) im i~g,(s))o’“““(~)ds=m if yF=l, O<a< 1, 
I=, 
h(t) > 0 for t > t, > 0; 
(c) irn (gl qi(s) 1 on-‘(~) ds= co if y,* > 1. 
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Remark 3. In the case of second-order ordinary differential equations, 
the present authors [3], Graef et al. [4], Coles [ 11, Kamenev [S], and 0ng 
]22] discussed Eq. (1) with q(t) having a variable sign, assuming an extra 
condition on q if the weight function p(t) # 1 or t. We have not been able to 
prove our results for Eq. (1) with q(t) having avariable sign. 
For illustration we consider the equation 
xcn) + [sin t/(2 - sin t)” ] xa( [ g(t)]) = 0, 
where fl is 4, 1, or 3. If p(t) = 1, then using the periodicity of q(t) =
sin t/(2 - sin t)“, we note that j”” p(s) q(s) = J” [sin s/(2 - sin s)~] ds = co. 
The above equation has a nonoscillatory solution x(t) = 2 - sin 1 if 
g(t) = 1 and n = 4, 8,... . It also has a nonoscillatory s lution x(t) = 2 + sin P
if g(t) = t - 7t and yt = 2, 6, 10 ,...  Here all the hypotheses of Theorems 1, 3? 
and 5 are satisfied except that q is of variable sign. 
The results of this paper are extendable to Eq. (2), where p is a 
nonnegative constant and p(t) is a nonnegative continuous function for 
t>t,. 
In order to show that such an extension ispossible w need 
b3MMA 3. Let conditions (3t(5) hold, 
jl+i:p(~)drj-lir~y(?;m: if‘ /3>0, 
and 
jnexp [--fp(r)dr)ds=o if D=g. 
Then if x is a nonoscillatory solution fEq. (2), we n?usi have 
x(t) x(*-‘)(t) > 0 for all a>vge t.
ProoJ Our proof is an adaptation f the argument developed by 
artsatos 19, Lemma 5.11. Let x(t) be a nonoscillatory s lution fEq. (2) 
and assume that x(t) > 0 for t > T. Choose t, sufficiently large so that 
g(t) > T and x[g(t)] > 0 for t > t,. Next let x(np’)(t,) = 0 for some lo > f,. 
Thus 
x’“‘kJ = -4wwdt,)1) < 03 
which implies that xcn-‘)(t) cannot have another zero after it vanishes once. 
409/91/2-j 
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Thus ~(~-‘)(t) h asa fixed sign for all t. Let xcnp’)(t) < 0 for all t> t, > t, ;
then if -xcnpl)(t) = u(t), f > t,, we get 
ti(t) +p(t) d+‘(t) > 0, P> 0. 
We discuss the following two cases: 
Case 1. p > 0. Integration of the above inequality yields 
Thus 
-u-b(t) + u-4 (tz) + P,f P(S) ds > 0. 
t2 
-l/4 
= Cl(f) > 0.
Hence 
Case 2. /?= 0. 
x+‘)(t) < -cl(t). (19) 
u(t) > u(t2) exp (-j:*,(s) d = q(t) > 0. 
Thus 
x(n-‘yt) < -q(t). 
Now integration of inequalities (19)and (20) from t, to t yields 
(20) 
x(“-*)(t)+ --00 as t+ co, 
which implies that lim,,, x(t) = -00, a contradiction. A similar p oof holds 
when x(t) < 0 for t > T. 
It now follows that our above results ogether with Lemma 3 constitute 
oscillation criteria forEq. (2) and that [ 14, Theorems l-31 are included in
our results. 
For illustration we consider the equations 
Xcn) + (l/,)x(+‘) + (l/t”) lx”(t/2)l log(e + x2(t/2)) sgn x(t/2) = 0 (a*) 
and 
X(n) + + ~X(“-l)~mXw) 
+ (lpt 110 lxa[fill lode+x’[fil> sgnx(fi) = 0 bd 
for 4 even, 1> 7‘ for a suitable positive constant T2Q > ;I, and :n > ! --- 1. it,? t’ 
consider the following three cases: 
case 1. If a E (0, l), then Theorem 3 togeeher with je&m;ma 3 rris~~ z:b 
ihe oscillation of (a*) and (b,). 
&se 2. If u = 1, then we estabiish theosciliation of (a,) aed {b,: rismg 
Theorem 5 and Lemma 3. 
Gase 3. If a > I, then (a*) and (b,) are oscillatory by Theorem io: 2 
together with Lemma 3. 
It is easy to check that the above conciusions do not appear to 5e 
deducible from other known oscillation criteria. 
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